Abstract: 7his paper considers underwater propulsion rhat is generated by variations in body shape. We summarize and extend some of the emerging appmaches for the uniform modeling and conrml of such underactuated systems. Two examples illustrate rhese ideas.
Introduction
This paper considers the self-propulsion of deformable bodies in (primarily ideal) fluids. We are principally motivated by an interest in robotic underwater vehicles that propel and steer themselves by changes in shape (e.g. [ I I , 13 , 151 and the references therein), rather than by conventional propellers and maneuvering surfaces. The purpose of this paper is to suggest that a common framework for analyzing and controlling these systems is emerging. On the mechanics side, the use of symmetry and reduction principles leads to governing equations that have useful gwmetric structure [ l , 1 I, 131. On the control side, we introduce averaging-based control methods that are suited to the stabilization of such underactuated systems by periodic feedback.
The biologically-inspired systems we consider here produce propulsive forces through the use of oscillatory shape change, and one appropriate literature for motion generation in similar systems comes from the use of feedforward sinusoidal control inputs for kinematic and dynamic underactuated control systems [3, 6, 8, 171 . Extending these feedforward results to appropriate feedback inputs that produce stabilization and tracking in the general setting is nontrivial and the construction often difficult, but results are available for particular driftless system structures [2,4, 16,201. Recently, the use of averaging has produced oscillatory feedback results with simpler construction that apply to classes of configuration controllable dynamic systems 14, 211. Here we show the extension of the relevant averaging and feedback results to driftless control systems. We illustrate these ideas with two examples: .an amoeba-like system and a simplified planar model of a carangiform fish.
~ 2 Underwater Mechanical Systems
A deformable swimmer's configuration can be decomposed into two types of coordinates. The "proup" or "position" coordinates, denoted by g, describe the location of a body-fixed '7hir work was supported in pan by an NSF Engineering Research Center grant (NSF9402726) and NSF pant CMS-9502224.
reference frame relative to a fixed reference frame. These coordinates form the Lie group SE(3), or one of its subgroups.
The "shape" variables, denoted by r, describe the vehicle's internal configuration. Together these variables form a principal bundle. The vehicle's position and orientation are indirectly controlled shape variations couple through physical constraints to generate motion in the group variables.
Lagrangian Mechanics
In the most general form, the mechanics of a deformable swimmer can be quite involved. As the body deforms, the fluid is perturbed. The perturbed fluid in turn influences the body's motion. Thus, the general problem involves a set of coupled dynamics on an infinite dimensional phase space.
We adopt a Lagrangian viewpoint for these systems. Neglecting potential energy terms for the moment, the Lagrangian consists of the kinetic energy of the body and the fluid where q = IsT, rTIT is the vehicle configuration, ~t denotes a fluid particle position at time t, M and m are the rigid body and fluid kinetic energy metrics, and @ is the volume element. The fluid of density p fills a domain D outside the body. The system may also be subject to constraints (e.g. the Kutta condition on lifting surfaces).
While the general problem of fluid modeling for control is beyond the scope of this paper, we note that progress can be made by using inherent symmetries and by making simplifying assumptions on the nature of the fluid flow to reduce the system to a finite dimensional state space. The two examples in this paper are made tractable by this line of reasoning.
We first consider an amoeba-like model, whose surrounding flow can be well-approximated by potential flow. The second example, which models a real planar robot fish prototype. achieves simplicity because the influence of shed.vorticity on the body's movement is ignored. In these examples and others, the fluid flow can be reduced to a function of the body's velocity. We hencefonh assume this simplification in our control developments.
Essentially all deformable swimmers fit within the class of general mechanical systems, whose equations of motion as derived from the Lagrangian take the form 
where the drift term is S(q,q) = -M-'(q)(C(q.Q) + Hence, one may define a symmetric product
A second important equality is the following: 
where p is a hulk system momentum (m body coordinates), and 7 denotes the "shape forces." With respect to the amoeba-like example, this structure arises from the overall conservation of bodylfluid momentum due to the S E ( 2 ) invariance of the Lagrangian. The first equation is termed the reconstruction equation, with A being the local connection and AgQ the locked inertia fensor. The second equation describes the momentum evolution (in body coordinates). In spatial coordinates, this momentum is constant. In the case of zero initial momentum. the momentum evolution is trivial. The third equation describes the "shape" dynamics. Assuming that we have complete control over the shape variables, in the zero momentum case, the system equations can be put into the form of a driftless affine control system (IO) 
Representative Systems
We consider two deformable underwater propulsors. The first example, an amoeba-like locomotor, represents systems dominated by added-mass effects, while the second example, a carangiform-like robot fish, represents systems with strong inertial and lifting effects. This section briefly describes appropriate system models. More details can be found in the references.
An hoeha-like Propulsor
Real amoebae are microscopically small. They operate at a very low Reynolds number, and the relevant fluid equations are those of creeping Row'. However, the Reynolds number of a macroscopic "robot amoeba" operating in water would he much higber. We thus make the reasonable idealization that the amoeba is a connected deformable body swimming through an inviscid and incompressible fluid. We also assume that the fluid is irrotational, and that the amoeba cannot generate vorticity-i.e., the amoeba does not have sharp fins. The position of the body's center of mass and the amoeba's orientation are denoted by g E S E ( 2 ) relative to a bodyfixed frame. Any "amoeba" robot which we might actually construct would have a finite number of actuators. Hence, we assume the body's boundary can be described by a finite number of shape variables r.
'Surpfisingly, creeping R w C M also be put in this framework. 
Carangiformkomotion
The simple fish-like robot discussed in this paper and related earlier works [5, 10, 12, 141 consists of a planar three-link 
Averaging
Oscillatory actuation is a natural approach for achieving full control of shape-controlled underactuated mechanical systems. Averaging theory, a useful tool for simplifying complex systems undergoing periodic forcing, converts the nonautonomous vector fields into autonomous vector fields. The retained time-averaged terms illuminate the contribution of the oscillatory controls. These averaging coeficienrs are denoted hy
For the case where there are multiple upper and lower indices, assume that they are the product of the above type of integral. (nl;n2, . . . , ' n l N / ) .
Control systems are usually classed into two categories: with or without drift. Prior work on averaging for underactuated mechanical systems has primarily focused on those systems for which accessibility and controllability can be achieved with iirst order Lie brackets or symmeuic products. As discussed in [21, 221, however, a number of interesting systems require higher order effects in order to achieve a full range of motions. The carangiform fish robot is a panicular example of such Wystem as it can realize a turning maneuver using second level symmetric products. Previously ([211) the authors developed a second-orderaveraging technique for such systems with drift. Similar results hold for systems without drift. Below we first present a new theorem for driftless systems, followed by the analogous results for those with drift.
Consider the driftlessaffine control system, .
Motion Generation
In order to track trajectories, we must be able to generate motion in arbitrary directions in state space. In the two classes of systems which we are considering, these directions are characterized by Lie brackets for kinematic systems and symmetric products for configuration controllable dynamic systems (for a discussion of configuration controllability, see [7] ).
Motion generation and open I w p mjectory tracking have been studied extensively for driftless nonholonomic systems [8, 15, 17, 201. However, while it is straightforward to generate motion along one Lie bracket direction, trajectory tracking requires simultaneously and independently generating motion along all directions necessary for controllability.
As we show in this section and the next, this task can be accomplished through appropriate use of feedback.
In systems of the form (IO), m states are directly controlled, and Lie brackets are formed from the vector field Ye. As is known from the above references, generating motion along a direction corresponding to a Lie bracket U of order p can then be accomplished with inputs of the form $1 = acos(pwt), $11 = sin(wt). At least one vector fields Y, will occur only once in U. We then assign 41 to the coutrol input uo and $11 to the controls that correspond to the remainder of the vector fields occurring in U. To independently generate motion in all directions simultaneously, we superimpose the controls for each direction and use a different frequency band for each motion. We will assign frequencies starting with first level Lie bracket motions and work up through increasing levels. Start with w1 = 1. Let pi be the order of the next Lie bracket to have an assigned frequency and pi-l the order of the Lie bracket for the previously assigned frequency. Then we choose the new frequency and subscript the corresponding a as ai. This choice of controls will move the system independently in any direction, and the amount of motion in the different directions can be scaled with the use of a. Superimposing the contributions from each bracket to be generated results in controls of the form u'(t) = C , a ;~o s @~w ; t ) + C~s i n ( w j t ) . (17) Matters are a bit more difficult for dynamic syste@?but a corresponding result holds. Specifically we are interested in system which are configuration controllable with symmetric products up to second level. If the system (14) is configuration controllable of order 2, we know that there exists a set of linearly independent-vector fields Yo, (Y, : y b ) . Given the previous averaging and motion generation results, we can now apply state feedback to stabilize underwater system response to a desired trajectory.
For driftless systems controllable with first level Lie brackets, such as the amoeba, the system average was given above. To demonstrate these ideas, we will consider the two example systems introduced above. AS discussed, the amoeba is a driftless, kinematic system and the fish is an underactuated mechanical system. Using the three mode shapes discussed in Sec. 3, the amoeba is free to move in the plane , .
8. and is thus controllable. Simulation results for a desired helical trajectory are shown in Fig. 3 for M = 0.Olkg and ro = 0.2m. The orientation remained constant, while the error was at most on the order of 3% of body radii. The shape went through about 1000 iterations and traveled a total distance on the order of 6 body radii, which is consistent with the calculation in [ll].
As derived, the carangiform fish is described by Hamel's equations (6) and more generally by (2). A symmetric product can be used to generate forward locomotion, and the Lie bracket between the drift and the peduncle angle control vector fields can be used to generate rotation while in motion. While this effect comes from a first level Lie bracket, a slower turn can also be effected through a second level symmetric product. Study of such effects requires the higher order averaging and motion generation treated above. .,: , .. 
Conclusion
The mechanics of deformable underwater propulsors operating in simple fluids satisfy several properties that bold in most operating regimes. Furthermore, we have found that oscillatory controls and averaging techniques apply quite generally to such systems. Their Lie-algebraic stmcture simplifies the averaging process for systems with drift and their typical SE(3) invariance allows for reduction.
Two examples, an amoeba-like swimmer and a carangifomlike mechanism illustrated these ideas. By using simplifying fluid dynamic principles, both models were rendered finitedimensional, and therefore tractable. The amoeba can successfully track nearly arbitrary planar trajectories, while the carangiform system can track straight and curved trajectories.
Ongoing research seeks to more deeply understand the universal nature of such systems at a more fundamental level, specifically with the inclusion of fluid dynamics in the principal bundle structure. The averaging process to arbitrary order will also be critical for more complicated systems requiring higher order brackets. Proof of Theorem 4 : Given the assumptions on the system, the averaged system (21) is controllable. Linearizing the system with respect to z and ( I yields . . 
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